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Abstract
The development of a theory of projectile motion began with basic observations by the

great Greek mathematician Aristotle and has evolved into more than conjecture or hy
pothesis, but a well-developed science of predicting the flight and accuracy of a projectile

in motion. This thesis traces the development of the theory of projectile motion from
Greek antiquity to about the mid 1700’s. It also describes in detail the contributions
made by seven prominent mathematicians to the theory of projectile motion.

These

seven prominent mathematicians were Aristotle, Philoponus, Buridan, Tartaglia, Galileo,
Robins, and Euler. In addition, particular emphasis is placed on Euler’s remarks on
derivations of differential equations for a horizontal shot, a vertical shot, a shot at an

oblique angle, and Tartaglia’s inverse problem that shows by contradiction that each submaximal range has exactly two elevations by using methods of simple differential equa

tions, elementary analysis methods of a fixed point, and the Implicit Function Theorem
for a fixed point.
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Chapter 1

Introduction
From antiquity until today, mathematicians have tried to develop a theory of
projectile motion. The development of a theory of projectile motion began a long time
ago with just basic observation of motion by the great Greek mathematician Aristotle and
has evolved to become more than conjecture or hypothesis, but a well-developed science

of predicting the flight and accuracy of a projectile in motion.

There are four goals of this thesis. First, it traces the development of the theory
of projectile motion from Greek antiquity to the about the mid 1700’s. Second, it de
scribes, and outlines in detail, the contributions made by seven prominent mathematicians

to the theory of projectile motion. These seven prominent mathematicians were Aristo

tle, Philoponus, Buridan, Tartaglia, Galileo, Robins, and Euler. Accordingly, an intense

and thorough literature review of relevant scholarly articles from peer-reviewed journals
supplemented with books was done. Third, emphasis will be paced on Tartaglia’s in

verse problem, and Euler’s remarks on solving differential equations for a horizontal shot,

vertical shot, and an oblique shot. Lastly, this thesis will show how the work of later

mathematicians was connected to the work of earlier mathematicians. For example, one
mathematician may have been an early predecessor of a concept that was studied later

in more detail by a later mathematician. Or a later mathematician may have made a

reinterpretation of an earlier mathematician’s theory of projectile motion.
There are nine chapters in this thesis. The first chapter is the introduction.
Chapters two through seven describe the contributions of seven prominent mathemati

cians to the theory of projectile motion. Chapter eight delves into the inverse problem in
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a resistive medium, and chapter nine is the conclusion of the thesis.

The second chapter describes Aristotle’s theory of projectile motion. A Greek
mathematician and philosopher, he was one of the earliest mathematicians to make a
contribution to the theory of projectile motion. His theory was based upon observation

and he believed there were two kinds of motion, “natural” motion and “violent” motion.
Additionally, Aristotle believed the speed of a falling object was directly proportional

to its weight. This chapter is divided into three sections. The first section describes

the differences between “natural” and “violent” motion. The second section describes
Aristotle’s “Law of Fall.” Finally, this chapter concludes with flaws in Aristotle’s theory
of projectile motion.

Chapter three describes Philoponus’s contributions to the theory of projectile
motion. Philoponus challenged Aristotle’s theory of projectile motion with his own “non

Aristotelian” theory, constructing not only his own law of falling bodies but also a reinter

pretation of natural motion. This chapter is also divided into three sections. In section

one, Philoponus gives his own “non-Aristotelian” theory of projectile motion. Section

two describes Philoponus’s law of falling bodies and the last section is a reinterpretation
of Aristotle’s natural motion.

Chapter four is divided into two sections and describes Buridan’s contributions
to the theory of projectile motion. The first section, impetus theory of projectile motion,
describes Buridan’s search for an answer to the following question: When a projectile is

thrown, is it moved by air, and if not, then how is it moved? Buridan took Aristotle’s
theory as a starting point and revised it by developing the impetus theory of projectile
motion. In the second section, the free fall of bodies and acceleration, we discuss Buridan’s

development of a credible explanation for a new quantity for free falling bodies that had

been a puzzle for Aristotelian physics: acceleration of a free falling body.
Chapter five describes how Tartaglia revolutionized ballistics theory and suc
ceeded in transforming the military art of gunnery into a mathematical science. His two
major works, the New Science and Questions in Inventions contributed significantly to

the development of the theory of projectile motion. Accordingly, this chapter is divided
into two sections, the first section on New Science, and the second section on Questions

in Inventions.

Chapter six shows how Galileo continued the tradition of critizing Aristotle’s

3

traditional theory of projectile motion by introducing an experimental method not yet
devised by his predecessors.

[Dra38] Additionally, this chapter describes the general

framework of Galileo’s first serious and systematic study of motion in De Motu, and how

Galileo recognized early on there were deficiences with it. Then it shows how Galileo came

to realize De Motu was incompatiable with further insights into the theory of motion and

how these incompatiabilities were corrected or improved upon by him through further

experimentation and analysis. This chapter has two sections with several subsections
within each section. The first section is on free fall and projectile motion in De Motu and
has three subsections: the law of falling bodies, acceleration as an accidental characteristic

of fall, and the trajectory of projectile motion. The second section is on free fall and

projectile motion in Galileo’s manuscripts and has four subsections: the discovery of the
form of the trajectory and the characteristic of acceleration in free fall, the conservation

of horizontal inertia, velocity of a projectile, and the double-distance rule.
In the seventh chapter, Robins and Euler further build upon Galileo’s theory of

projectile motion by describing advanced theories of mechanics and mathematics coupled
with experimental research. Robins’ major contributions were his investigation of the

complex function of air resistance encountered by projectiles in flight using interior and
exterior ballistics research and development of devices for measuring the magnitude of
air resistance of projectiles in motion. [Ste94] These results were published in his New

Principles of Gunnery in 1742.

[Anal 2] Euler’s major contributions to the theory of

projectile motion were his extensive mathematical commentries of Robins’ work with the
goal of simplifying Robins’s ballistic motion theory, and making it more practical for

gunners. This chapter is divided into two sections. The first section, Robins’ theory of
projectile motion, has three subsections: ballistics theory before Robins; Robins’ interior

ballistics, and Robins’ exterior ballistics. The second section, Euler’s theory of projectile
motion, has two subsection: Robins’ and Euler’s ballistic trajectory analysis and Euler’s

remarks.
Chapter eight describes an interesting and complex mathematical problem in
the theory of projectile motion: the inverse problem in a resistive medium. The origins

of this problem were Tartaglia’s theoretical studies of projectile motion where he noticed
the inverse problem of determining angles leading to a given submaximal range having

precisely two solutions. [Gro96] Up to this time, military gunners were primarily con
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cerned with only finding the range for a given angle of elevation. This chapter examines

and describes the solution to Tartaglia’s inverse problem for projectiles in mediums that

resist motion in proportion to the projectile’s motion. This was done by using methods
of simple linear differential equations and elementary analysis methods related to a fixed

point equation to show that each submaximal range has exactly two elevations. The

solution to the inverse problem is described in two sections: the linear model, and the
inverse problem.
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Chapter 2

Aristotle’s Theory of Projectile
Motion
The theory of projectile motion has evolved to become more than conjecture
or hypothesis, but a well-developed science for predicting the flight and accuracy of a
projectile.

One of the first to make a major contribution was Aristotle, the famous

Greek philosopher who lived from 384 B.C. to 322 B. C. in Chalic, Greece. Aristotle
is well known as a scholar, a student of Plato, and teacher to Alexander the Great.

[Boy91, Cril2] This chapter is divided into three parts: (1) natural and violent motion;
(2) “Law of Motion”; and (3) flaws in Aristotles’s theory of motion.

2.1

Natural and Violent Motion
Aristotle believed that two types of motion existed; this belief was based upon

his observations of the world around him. He observed that the physical world could be
viewed in terms of “natural” and “violent” motions. “Natural,” the motion an object

would incur if left undisturbed; and “violent,” motion imposed by an outside force on an
object. [Tre03]

Aristotle’s scheme of natural motion was based upon the belief that the earth
was the center of all things, and that all matter on earth was composed of earth, wind,

air, and fire. [Smi54] Further, Aristotle believed the natural tendency of each of these

elements was to seek their natural place. In other words, a body is said to move to
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its natural place because of a power that the place has over a particular kind of body.
[Mac78] All these motions would be simple ones: in straight lines, up or down. [Smi54]

Projectile motion, on the other hand, was not considered natural motion but
violent motion, and the problem Aristotle explored was what kept an object moving

during violent motion. Aristotle’s scheme of violent motion was based on two principles.
First, an object is acted upon by an external force or mover. Examples of this are kicking

a soccer ball across a field, or an archer shooting an arrow. The second principle is that
an object will continue to move as long as the mover is in physical contact with the object,

and when the mover stops applying force, movement will stop. An example of this would

be pushing a book across a table.

Aristotle deduced the motion of a projectile by considering the trajectory of a
javelin being thrown. He reasoned the trajectory by dividing the motion of the javelin’s
flight into three parts. In the first part, the javelin experiences an initial motive force due

to being thrown.[Bail 1] This initial force moved out the air in front of the javelin, filling

the vacuum created by the air being moved out of the way, and at the same time pushing
the javelin forward. Aristotle called this antiperistasis or “mutual replacement.” [Lin78]
In the second part, the initial motive force diminishes and gradually gives way to natural

motion as the mover (the one throwing the javelin) is no longer in physical contact with
the javelin. Finally, in the third part of the motion, once natural motion has taken over

an object, the object would fall straight down to earth due to gravity.

Figure 2.1 shows general sketches of the trajectory of an object under violent
and natural motions. The sketch of violent motion assumes the first part of violent motion

has taken place (an initial motive force has been exerted on an object) and shows only
the second and third steps of violent motion. Accordingly, the diagonal line in this sketch
represents the second part of violent motion where an intial motive force applied to a

object diminishes and gradually gives way to natural motion, as the mover, is no longer

in contact with the object. Finally, the straight line down represents the third part of
violent motion in which natural motion has taken over the object in motion, and the

object falls straight down to earth due to the force of gravity. The sketch of natural

motion is much easier to describe. The straight line in the sketch of natural motion
represents a mover applying a force to an object which eventually stops, and the straight

line down represents the object moving to its natural place.
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y
1 Mover Applied Force
--------------- )---------------

Applied Force
Stops

------------------------------------------------------------------ ---------------------------------

Natural Motion
Figure 2.1: General Sketches of Natural and Violent Motions

2.2

“Law of Motion”
Aristotle’s mathematics describing violent motion was very elementary. The

mathematics was described by Bain [Baill] in a presentation made on Aristotle’s theory
of projectile motion.

According to Bain, Aristotle believed that violent motion was

influenced by two factors: the motive force (F) and the resistance of a medium (H).
A medium was air or water and it fulfilled a two-fold function: first, the medium caused
the continuation of motion, and secondly, the medium also terminated motion. [Wol87]

These two factors were summarized in Aristotle’s “Law of Motion”: Velocity (V) is

proportional to the quotient of force (F), and the resistance of a a medium (U), that is,
V <x I

(2.1)

However, there were some restrictions to equation (2.1). First, Aristotle assumed F > R,

and when F < R, Aristotle said no motion occurs. The second qualification was that V
represents speed, not velocity.

A simple example from [Baill] to help illustrate Aristotle’s “Law of Motion ”
is as follows.

Problem: Which would hit the ground first, a 1 pound or a 10 pound ball?
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Claim 2.1. Aristotle claimed that by the “Law of Motion ” the 1 pound ball would take
10 times as long to fall as the 10 pound ball.

Proof. Let T represent time required to travel a given distance. Assume equation 8.8
holds and that V oc

(the greater the speed, the less the time of fall). Let

Vi

— speed of a 1 pound ball,

V2

= speed of a 10 pound ball,

71

= time for a 1 pound ball to hit the ground,

T2

= time for a 10 pound ball to hit the ground.

— 7^ And, § =

Then,

since V oc F by equation (2.1).

Then,

or

Ti = 10T2.
□

2.3

Flaws in Aristotle’s Theory of Motion
Aristotle’s theory of projectile motion was based upon simplified ideas of nature

that were thought to be accurate enough for practical use until experience pointed to
the contrary. [Hal52] As later mathematicians would discover, there were major flaws in
Aristotle’s theory of projectile motion. These include: (1) the theory did not take into
account the effect of drag from the medium on a projectile [Dra38]; (2) the theory would

not apply in a void or vacuum [Smi54]; (3) Aritotle’s “Law of Motion” was based upon a
false assumption; and (4) the theory, due to its very nature of being elementary, put too

much emphasis on quantitative aspects (more easily observed) such as time and force, but

not on qualitative aspects (less easily observed) such as inertia and acceleration. [Dra38]
The first flaw in Aristotle’s theory of projectile motion is that it did not consider
the effect of resistance from air and the medium. This was a major flaw because failure to
consider the resistance of air and the medium as a term to be subtracted from the velocity
of a projectile in motion was a major inconsistency in Aristotle’s theory of projectile

motion. [Dra38] Second, Aristotle’s theory would not apply in a void or vacuum without

any density. Aristotle believed the more the density of a medium was reduced, the faster
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an object moved through the medium. [Smi54] Further, he believed if the density of a

medium was eliminated, all resistance to an object would be gone, and the object would
move infinitely faster in a void or vacuum. [Smi54] However, this would mean that in

a void or vacuum, an object would move instantaneously from one point to another,

which would be impossible. [Mac78] The third flaw was that his “Law of Motion” was

based upon the false conclusion that a lighter-weight object will take longer to fall than
a heavier-weight object.

In 1589, Galileo disproved this conclusion by dropping two

unequally-weighted cannon balls from the Leaning Tower of Pisa which hit the ground

about the same time. [Abil2a, Coo35] The last flaw was the simplicity of the theory itself,

as it put too much emphasis on the quantitative aspects of motion such as time and force,
and no emphasis on the qualitative aspects of motion such as inertia and acceleration.
These would be the flaws to Aristotle’s theory of projectile motion and would not be

overcome until later investigations by other mathematicians such as Philoponus, Buridan,
Tartaglia, Galileo, and Newton.
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Chapter 3

Philop onus’s Theory of Projectile

Motion
Aristotle’s theory of projectile motion remained the dominant theory for cen

turies until another mathematician came along to challenge it. His name was Johannes
Philoponus, and he is credited with the next major contribution to the theory of projec

tile motion. Philoponus lived from 490 to 570 in Alexandria; he was a Greek philosopher
and a student of Alexandria. [Boy91, Sor87] He challenged Aristotle’s theory of projectile
motion with his own theory, constructing not only his own law of falling bodies, but

proposing a reinterpretation of natural motion. Philoponus made three major contribu
tions. These were: (1) his theory of projectile motion; (2) the law of falling bodies; and

(3) a reinterpretation of natural motion. [Wol87]
While Philoponus made valid contributions to the advancement of projectile
motion theory, it must be noted that his motives were not purely scientific in nature.
Philoponus was a deeply religious man of the time and refuted Aristotle’s ideas on that

basis. [Sor87] Aristotle’s ideas based solely on scientific presumptions were implausible
to a man with stalwart religious beliefs.

3.1

A Non-Aristotelian Theory of Projectile Motion
Philoponus’ contribution to the theory of motion was the development of a

completely contrarian viewpoint to Aristotle’s theory of projectile motion.

This was
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detailed in Physics and was based upon two key arguments. The first was that an object
moved because of a force “impressed” upon it. Aristotle deduced his theory of projectile

motion from observing how a javelin continued to move through the air after it was

thrown. His explanation was that successive pockets of air behind the javalin received

the power to push it onwards from an external force in immediate contact with the javelin,

not only when the thrower’s hand was pushing the air but also after the external force
had come to rest. [Sor87] Philoponus disagreed with this explanation. He proposed that

an external force was implanted by the thrower into the javelin and no external force from

air pockets contributed to pushing the javelin. [Wol87] Further, Philoponus argued that
if a string is in immediate contact with an arrow, or a hand is in immediate contact with

a stone, there is no air behind the missile being moved, and the air being moved along
the sides of the missile contributes little or nothing to its motion. [Fra03] Philoponus

concluded instead that some kinetic force is imparted or “impressed” upon the projectile
by a mover. This force would eventually be exhausted and the projectile would fall to the

earth due to gravity. [Sor87] This was a ground-breaking concept and was the predecessor
to “impetus” which would be introduced by Jean Buridan in the 14th century.

Philoponus’ second argument was that Aristotle’s theory of projectile motion
was ail impossibility in a void for two key reasons. First, Philoponus observed that the

conditions in Aristotle’s theory of projectile motion would not be the same in a void.
This was because there was no force or mover in a void; and similarly, there was no cause

for resting in a void either. [Wol87] Secondly, he surmised the impact on motion would

be different in a void.

More specifically, in his commentaries on Aristotle’s Physics,

Philoponus states, “Some incorporeal kinetic power is imparted by the thrower to the

object being thrown ... If an arrow or a stone is projected by a force in a void, the same

thing will happen more easily, nothing being necessary except the thrower.” [Wol87, p.
89] In other words, since there is no medium with which to slow down the motion of an
object in a void, and since there is no moving cause in a void, a force would be imparted
or “impressed” more easily upon an object. Thus, Philoponus suggested that this object

may remain in endless motion, since there was no reason for it to stop. [Wol87]
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3.2

Law of Falling Bodies
The second argument proposed by Philoponus was his disagreement with Aris

totle’s assumption that the time of fall of a heavy body density was proportional to the
density of the medium. [Wol87] The medium was water or air and fulfilled a two-fold

function: first, the medium caused the continuation of motion, and second, it also ter
minated motion. [Wol87] In response, Philoponus developed his own concept which he

called the ‘law of falling bodies’, an early predecesser of Galileo’s ‘law of fall’.

The key to Philoponus’ concept of his ‘law of falling bodies’ was that he perceived
the time of fall of a heavy body was proportional to the density of the medium differently
from Aristotle. Aristotle’s view was that the medium played a significant role in the ratio

betwen the density of the medium and the time of fall of a heavy body. But Philoponus
recognized the fallacy of Aristotle’s views regarding the relation of quantities whichplay

a role in the motion of falling bodies. [Wol87] He assumed that if Aristotle’s view was
true, then only resistance would increase proportionally to an increase in the density
of the medium, and not the time of fall of a heavy body. [Wol87] Further, he believed

that velocity would decrease, but not proportionally, since only part of the time can be
proportional to density. [Wol87] Philoponus used observation to try to prove his ‘law of
falling bodies’ by dropping unequal weights from a height (as did Galileo later) and watch

them strike the ground. He was never able to prove what Galileo later assumed to be
true in his later extensive expermentation. But in the end, Philoponus was satisfied with

what he had accomplished. In Physics [Sor87], he states that he proved what he wanted
to prove: that the “density of the medium acts as a source of resistance, and the natural
heaviness will act as an efficient cause of motion.” This was the essence of Philoponus’

‘law of falling bodies’.

3.3

Reinterpretation of Natural Motion
Philoponus’ final contribution was his reinterpretation of Aristotle’s view of

natural place and natural motion. Aristotle believed that four existing elements, earth,

wind, air, and fire, were arranged in a geocentric cosmos with the natural place of fire
as up and earth as down at the center, with air and water in between. [Smi54] He also

believed, and as stated in Chapter 2, there was a tendency of each of these elements to
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find its own natural place due to a force that the place exerts over a particular kind of

body. [Mac78] Further, he believed that natural motion could not exist in a vacuum.
[Sor87]

Philoponus’ reinterpretation of Aristotle’s view of natural place and natural

motion was based upon two lines of reasoning. First, his belief that there was no power
to place, and second, his belief in the Creator’s plan in which the elements seek their own

God-given arrangements. Philoponus’ first argument was based upon an analogy made
by Aristotle’s successor Theophrastus, known as “the founder of botany.” [Abil2b] This
analogy was, “That an animal’s limb has a place, and because an animal has a nature and
form each limb seeks its post ion or arrangement.” [Wol87, p. 16] For example, the head
of an animal is connected to its neck, because it is natural for the head to be connected

to the neck and that is the best arrangement for it. Thus, Philoponus believed that place
had no power. In his second argument, Philoponus adds to this analogy by an assertion

influenced by his devout belief in a Creator. He maintained there could be no tendency

for the elements to seek their natural place since their arrangements were pre-ordained
by God to perfection. [Sor87] Additionally, these lines of reasoning had an added bonus

that they also answered Aristotle’s objections that there could be no natural motion in
a void. [Smi54]

In summary, Johannes Philoponus was the first mathematician to challenge

Aristotle’s theory of projectile motion.

He challenged Aristotle’s theory of projectile

motion with his own “non-Aristotelian ” theory, construction of his own law of falling

bodies, and proposing a reinterpretation of natural'motion. [Wol87] Additionally, while

Philiponus made valid contributions to the advancement of projectile motion theory his
motives were not purely scientific in nature, for Philoponus was a deeply religious man

of the time and refuted Aristotle’s ideas on this basis. [Sor87]
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Chapter 4

Buridan’s Theory of Projectile

Motion
The early contributions made by Aristotle and Philoponus formed the basis for
the theory of projectile motion. However, it must be noted that they had vastly different
ideas, and for a very long time there was no one else to follow them to help reconcile some
of the differences in their theories of projectile motion. During the Christian Middle Ages,

another prominent mathematician, Jean Buridan, emerged to make the next significant

contribution to the theory of projectile motion. Buridan is recognized as the foremost
proponent of the impetus theory. [Jam57]
Little is known about the life of Jean Buridan other than his birth in Bethune,

France, in 1300, and that he was educated at the University of Paris, eventually becoming
its Rector. [Sha64] While there, Buridan was responsible for originating and developing

some of the most essential ideas of the modern scientific tradition, such as dynamics,

kinematics, and celestial mechanics.

[Sha64] Buridan was also known as a ‘Modern.’

During the Christian Middle Ages, philosophers were in the state of a naive appreciation
and reawakening of Aristotelian science, and showed little interest in Philonopus’ views.

[Duh90] But following a condemnation in 1277 by Etienne Temper, Bishop of Paris,

against a set of theses by ‘Aristotle and his followers’, there appeared a large movement

that promoted more liberal Christian thought called the science of ‘Moderns’. [Duh90]
It was during this time that Buridan developed two major theories of motion: first, the
impetus theory of projectile theory, and second, the free fall of bodies and acceleration.

15

4.1

Impetus Theory of Projectile Motion
In developing his impetus theory of projectile motion, Buridan sought to answer

the following question: When a projectile is thrown, is it moved by air, and if not, then

how is it moved? To answer this question, Buridan took Aristotle’s theory of projectile
motion as a starting point. Buridan did not agree with Aristotle’s theory on two key
points. These were: first, Aristotle’s idea of “antiperistasis,” and second, Aristotle’s

belief that air moving along the sides of a projectile contributes to its motion. [Sha64]

Aristotle’s idea of “antiperistasis” was that an initial force moved the air out in
front of a projectile, filling a vacuum created by the air being moved out of the way, and
at some point, pushing the projectile down. [Lin78] In other words, Aristotle believed

air was what made a projectile move. Buridan disagreed with this hypothesis and made
three observations in terms of medieval reality. The first observation was regarding the

top of a blacksmith’s mill. Buridan observed that the top of the mill moved for a long
time but did not leave its place. Accordingly, he concluded it cannot be said that the top

of the blacksmith’s mill was moved by air. [Sha64] In his second observation, he used the

example of a lance that had a sharp conical point at both ends. He submitted that the
air could not push either end of the lance, because the air was easily divided or made less

dense by the sharpness of both ends of the lance. [Sha64] His last observation was that of
a boat being pulled in for docking. Buridan observed that after the pulling had ceased,

the boat still continued to move forward, yet there was no air pushing the boat. [Sha64]
Buridan also disagreed with Aristotle’s belief that air being moved along the

sides of a projectile contributed to its motion. Aristotle firmly believed that successive
pockets of air alongside a projectile recieved the power to push it along. [Smi54] But

Buridan rejected this belief by using the same three examples he used to contradict

Aristotle’s idea of “antiperistasis.” Buridan reasoned that if there is no air to move a

projectile as described in the three examples above, then there can be no air to move
along the sides of a projectile that can contribute to its motion.

Having refuted Aristotle’s theory of projectile motion with observation as ev

idence, Buridan attempted to improve on Aristotle’s theory by next considering Philoponus’ early work on the impetus concept. From Philoponus, Buridan proposed that a

bow or other projector transmitted or impressed a natural “incorporeal motive force,”

which he called “impetus,” to the projectile. [Whi04] Brahms summarizes Buridan’s im
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petus theory of projectile motion into three stages and contrasts this with Aristotle’s
theory of projectile motion as follows: [Brail]

1. Initial stage: Impetus is dominant, gravity is insignificant. Motion is in a straight

line.

2. Intermediate stage: Air resistance slows projectile. Gravity recovers. Path begins
to deviate downwards. Path deviates downwards from a straight line.
3. Last stage: Impetus is completely spent. Gravity alone draws projectile downward.

Buridan derived the following simple mathematical formula for his impetus theory of
motion: impetus = weight times velocity. In contrast to Buridan’s impetus theory of

projectile motion, Aristotle believed impetus came from the surrounding air, which re

ceived it from a mover (a catapault, for example). Additionally, at some point, this force
would be exhausted and the projectile would fall downwards in a staight line.
Buridan came to two other key conclusions in his impetus theory of motion.
His first conclusion was that impetus was a distinctly different quantity from the initial

motive force that caused a projectile to move. [Sha64] His second conclusion was that
impetus has a quasi-permanent quality. Consequently, he inferred that, once an initial

force is applied to a projectile, a body would tend to continue to move under the action of

the impetus until some counteracting force or resistance intervened - the strength of the
counteracting or resistance being determined by the quantity of matter of the projectile

in which it was impressed. [Sha64, Whi04, Lin78]

4.2

The Free Fall of Bodies and Acceleration
Buridan’s second major contribution was to use impetus to develop a new con

cept on the free fall of bodies. This new concept developed a credible explanation for a

new quantity for the free fall of bodies that had been a puzzle for Aristolian physics: the
acceleration of a body undergoing motion of free fall. [Lin78]

Buridan’s explanation for the acceleration of a body undergoing motion was

based on a commentary of Aristotle’s opinions on acceleration in De caelo by Dominicus
de Claviso, a pupil of Buridan. [Whi04, Lin78] In Ciaviso’s commentaries, in the second

book of De caelo, Aristotle’s opinions are summarized by expressing the concept that a
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falling body approaching the ground moved faster because of a tendency to find its own

place and because of the heating action of its motion. [Lin78] From this concept two

opinions emerged.

Aristotle’s first supposition was that the motion applied to a free-falling object
heated up the air around it making the air more easily divisible or less dense, which
caused the object to fall faster. [Lin78] But this did not make sense to Buridan because
he observed that, during the summer, a given object did not appreciably fall any faster

than in winter. [Sha64] Furthermore, the air did not become hot unless it was moved or
divided. His second opinion was in disagreement with Aristotle’s explanation of natural
motion. Aristotle believed that a body was said to move to its natural place because of

a power that the place had over a particular kind of body, and as a body got closer to its

natural place, it moved faster just as a magnet attracts iron. [Mac78, Lin78] But again,
this did not appear rational to Buridan. He observed that if an object A was dropped

from a high place, such as a tower, and if another object B was dropped from a low

place ten feet above the ground, object A would not be appreciably faster than object B.

[Sha64] Consequently, Buridan concluded that place had no impact on the accleration of
a free-falling object.
Buridan invalidated Aristotle’s views of acceleration, and concentrated on de
veloping his own explanation of acceleration of a body undergoing motion of free fall.

Buridan’s perspective of acceleration of a free falling body was based on three assump
tions. First, the principle force acting on a free-falling object was gravity and it did

not change before, during, or after an object fell. [Sha64] Second, there would be some
resistance from a medium. [Sha64] And third, assuming the object’s weight stayed the
same, and the total force was the same, movement would remain equally as fast, since

the proportion of the total force to the moving object and to the resistance will remain
the same. [Sha64]
Having laid out his basic assumptions, Buridan now got to the essence of the

matter: What caused acceleration in a free falling object? Buridan postulated that there
was another force that acted concurrently with the natural force of gravity. He submitted

that a free-falling object not only acquires motion from the natural force of gravity, but
also acquires a certain impetus with the motion. [Sha64, Whi04, Lin78] Hence a credible

explanation for acceleration was established.
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Further, there are two key inferences that Buridan made that will give a better

understanding of his newfound explanation of acceleration of a free falling object and how
impetus works in relation to a free falling object. First, since the force of impetus acts

concurrently with the natural force of gravity, the total force acting on an object in free
fall is the sum of the natural force of gravity and the force from impetus. [Lin78] Secondly,

as impetus increases, so does speed, and thus an object will always and continually be
accelerated to the end. [Duh90, Sha64]
In summary, Buridan made significant contributions to the theory of projectile

motion. Using medieval observations and inferences, he reviewed and studied the work
of two previous prominent mathematicians, Aristotle and Philoponus, and contributed to
the theory of projectile motion by helping to reconcile some of the differences between

their theories. He developed an impetus theory of projectile motion by extending the work

started by Philoponus on impetus. Additionally, Buridan used the concept of impetus
and his review of Aristotle’s concept of acceleration for free-falling bodies, which he did

not like, and devised his own explanation of acceleration for free-falling bodies. These
contributions would eventually lead to the development of some of the ideas of dynamics,

kinematics, and celestial mechanics, and would form the basis for future contributions by
mathematicians.
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Chapter 5

Tartaglia’s Theory of Projectile
Motion
In late Renaissance Italy, there was a convergence of the new science of me
chanics and the art of warfare which gave birth to a new science of ballistics. [Gro96]

Onto this stage came the next major contributor to the theory of projectile motion, Niccolo Tartaglia, who revolutionalized ballistics in the 1500’s. His major contribution was

trying to forward the military art of gunnery to a mathematical science. More specif
ically, Tartaglia showed how Aristotle’s ideas of projectile motion were reconsidered in

early attempts to understand gunnery mathematically, and how these ideas took on a

greater importance within a historical context that combined mathematics, philosophy,
and gunnery. [HV02]
Tartaglia was born in 1499 in Brescia, Italy, in the then Republic of Venice, as

Niccolo Fontana. [Dar06] He received a very disfiguring wound to the throat at age 12

when the French Army ransacked Brescia in 1512. [Cuo98] Although he survived, his

speech was so badly affected that he acquired the nickname Tartaglia, which in Italian
means “stammerer.” [Dar06, Cuo98] Tartaglia had little formal education. His mother
briefly sent him to a tutor but very soon ran out of money to pay for more lessons. As a

result, Tartaglia taught himself. He mastered mathematics with such proficiency that he
later found a position teaching the subject in Venice in 1534. He stayed here, apart from

a short stay in Brecia between 1548 and 1549, until his death in 1557. [Cuo98]
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5.1 New Science
In 1537, Tartaglia published the first comprehensive and systematic work on
what he conceived as the new science of gunnery in his publication New Science. [Dam92]

Tartaglia was a theorist with no personal experience dealing with artillery, and what

knowledge he did gain was by talking to gunners. [Hal52] Tartaglia was first drawn to
the theory of motion when he was asked by the military men of Verona at what angle
a gun would shoot the furthest distance. [Dar06] His study resulted in his writing his

first work, New Science, in 1537. [Hal52] New Science consisted of three books of 78

unnumbered pages: Book 1, the theory of motion of heavy bodies; Book 2, the shape of
the trajectory of projectiles is described; and Book 3, devoted to mensuration. [Hal52] In
New Science, Tartaglia made several contributions to projectile theory. First, his major

breakthrough concept that Aristotle’s shape of a projectile’s path was not a staight line;

second, the angle at which a gun will shoot the furthest (in a vacuum) is 45 degrees;
third, the extreme range of a cannonball is ten times the point-blank range; and fourth,

a gun could shoot a certain distance at two different angles. [Hal52, Cuo98] The bulk of

Tartaglia’s theory of projectile motion was contained within this work.
A major breakthrough in Book 2 was that Aristotle’s shape of a projectile’s

path was not a straight line. [Hal52] Aristotle believed that the theoretical trajectory
of a projectile in violent motion was triangular in shape. But, Tartaglia’s concept of

the trajectory of a projectile’s path consisted of more than a straight line as Aristotle
had concluded. More specifically, Tartaglia believed the trajectory of a projectile’s path
consisted of a straight line that is followed by a section of a circle and ending in a straight

vertical line. [Dam92] This concept was similar to Buridan’s theory of projectile motion,
as he also believed that the trajectory of a projectile’s path consisted of more than just

a straight line. Additionally, Tartaglia developed three different classes of trajectories

which are described by Hall and Henniger-Voss as follows: [Hal52, HV02]
1. If a projectile is shot point-blank, the projectile will travel rapidly along the horizon
(but begin to curve a quarter arc beneath the horizon drawn from the muzzle.

2. A projectile shot vertically upwards will turn a complete semi-circle but will not
carry horizontally.
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3. A projectile shot at 45 degrees maximizes both the horizontal carry and the swing
of the arc and will travel the furthest of any elevation.

The development of these three conjectures was significant in that Tartaglia was the first
mathematician to recognize that the trajectory of a projectile had a general shape to it.

It would not be until a century later that the trajectory of a projectile (in a vacuum) was
determined to have a parabolic shape by Galileo. [Gro96]
Tartaglia made several other significant conclusions in his ballistic theory that
were useful to gunners. He concluded that the extreme range of a projectile was ten times

the point-blank range. This was significant because it gave a practical way for gunners
to estimate the extreme range of a projectile. Tartaglia additionally stated that a gun
could shoot a certain range at two different angles. This was important from a theoretical

standpoint. Galileo would later discuss this surprising fact (already noticed by Tartaglia),

namely the inverse problem of determining angles leading to a given submaximal range.
Galileo would show that the problem had precisely two solutions. [Gro96] This will be

discussed further in chapter eight. Tartaglia’s last conclusion was that he proved the angle
at which a gun will shoot the furthest was 45 degrees. [Hal52] However, his conclusion

was erroneous because it did not take into account air resistance.

5.2

Questions in Inventions
In 1546, Tartaglia also wrote Questions in Inventions where he improved on

some of his themes from New Science. [Cuo98] The purpose of Questions in Inventions
was to better organize and clean up some of the loose ends of his thoughts on a wide

variety of scattered topics relating to the art of gunnery and some criticism of his original
New Science.

[HV02] Major topics covered in Questions in Inventions were: a more

detailed description of a gunner’s quadrant (a device used by gunners for measuring
angular distances between objects from very far away); a description of the increase and

decrease of range as the gun is elevated, and that the differences in range were least when

the range itself was the greatest; and a declaration that no part of the trajectory of a
projectile is a straight line. [HV02, Hal52] Another reason why Tartaglia wrote Questions

in Inventions was that the theory of projectile motion expressed in his New Science was

not completely accepted by all mathematicians of the time. His strongest criticism came
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from Girolamo Cardano, which caused Tartaglia to revise some of his themes of projectile

motion in his New Science. [Hal52] Cardano’s criticism was based upon his objection to

Tartaglia’s separation of violent and natural motion. Cardano wrote [HV02, p. 385]:
“A most notable error in your book, called the new science of artillery, is
where you claim (in the fifth proposition of the first book) that no uniformly
heavy body can pass through any space of time, or place, in a mixture of
natural and violent motion. This proposition is most false and counter to all
reason and natural experience. The argument by which you prove it is still
more twisted... Don’t you know that it doesn’t follow that in a descent a body
goes faster, yet in its course it moves slower, as though we would see in the
experience where a stone is thrown that it goes faster the more it descends
to the earth, but in its course it goes slower. From such a conclusion springs
absurdities, like other strange reasoning in that book. Think about it: are
gentlemen likely to take it up so easily?”
As a result, and feeling so beleagured by Cardano, Tartaglia was forced to rethink and
correct some of his views of violent and natural motion by turning to Archimedes and his
science of weights. [HV02] These corrective steps were successful and helped to improve

Tartaglia’s New Science, which remained captivating to mathematicians’ interest in the

art of gunnery.
In summary, Tartaglia revolutionized ballistics theory. He succeded in trans

forming the military art of gunnery into a mathematical science. His two major works,
New Science and Questions in Inventions contributed significantly to the development

of the theory of projectile motion. His conclusions, the translation of his works, and the

flattery of his imitators were proof that Tartaglia’s writings were significant and helped
lay more of the foundation for further knowledge and advancement before the mid sev

enteenth century. [Hal52]
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Chapter 6

Galileo’s Theory of Projectile
Motion
About a century after Tartaglia, Galileo Galilei (1564-1642) put the subject of
elementary ballistics in a vacuum on a firm mathematical basis. His law of inertia and law
of falling bodies were the key ideas used in establishing that the trajectory is parabolic

and in providing rigorous proofs of Tartaglia’s assertions concerning the inverse problem.

[Gro99] The work of Galileo is generally taken to be the origin of mathematical physics.
Galileo was born in 1546 in Pisa, Italy, the son of a musician. [Cha07] Once
he was of school age, he was sent to the Camaldolese Monastary at Vallombrosa about

20 miles southwest of Florence. [And 12] He liked it there a great deal, so much so, he

intended to join the religious order. This came as a huge disappointment to his father

who had hoped his eldest son would become a doctor. Consequently, Galileo enrolled at
the University of Pisa in 1581 as a medical student, but never took his studies seriously.

He went on to pursue his real interests, mathematics and natural philosophy. [Andl2]

After recieving his degree in mathematics, he taught in Florence, and several years later
returned to the University of Pisa to become chair of the mathematics department. He

took over the position from his former mathematics instructor, Filippo Fantoni, and held
the position from 1589 to 1592. [Cha07]
In 1592, Galileo recieved a new teaching position at the University of Padua.
Here he made several contributions to astronomy and came into conflict with the Church

on Copernicism that believed in the sun being the center of the solar system. He was
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eventually brought before the ecclesitical authorities in 1633 during the Inquisition, and

under the threat of torture was allowed to live at his home under house arrest in Arcentri,
near Florence. In 1637, Galileo became blind, and continued working until his death in
1642.

During this time, Galileo held his position as chair of mathematics and made his
first serious and systematic study on motion. This study, completed in 1592, produced a
group of manuscripts called De Molic a somewhat disputable review of Aristotle’s theory

of motion. [Dam92] De Motu was never published because Galileo recognized early on

there were deficiencies in his theory. Galileo would later correct and improve upon these
deficiencies by developing further insights into the theory of motion. This chapter will
be divided into two general parts. The first part will examine the general framework
of Galileo’s review of Aristotle’s theory of motion in De Motu. The second part will

show how Galileo came to realize De Motu was incompatible with further insights into

the theory of motion and how these incompatibilities were subsequently corrected and
improved upon as Galileo sought further experimentation and analysis.

6.1

Free Fall and Projectile Motion in De Motu
This section examines the framework of De Motu, which was Galileo’s first

systematic study of Aristotle’s theory of motion with emphasis on the fall of bodies and
projectile motion. This section is divided into three parts. The first part describes key

differences and similarities between Aristotle’s law of falling bodies. The second part
describes acceleration, as an accidental result of free falling body. Lastly, in part three,
we present Galileo’s description of two key conclusions on the trajectories of projectile

motion based upon an analysis of Tartaglia’s work on trajectories of projectiles in motion.

6.1.1

The Law of Falling Bodies
There were two aspects of Aristotle’s law of falling bodies that Galileo disagreed

with in De Motu. These were: (1) the speed of heavy bodies does not increase in pro
portion to their weight; and (2) the speed of the fall of heavy bodies does not decrease

in proportion to the density of the medium and vice versa. [Dam92]
The first aspect of Aristotle’s law of falling bodies that Galileo did not agree
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with was the dependence of the speed of a falling body on its weight. Galileo’s argument
was that if there were a combination of two bodies, then there would be an intermediate
speed somewhere in between the two speeds of the two bodies separately which he at

tributed to the slower speed of one body retarding the speed of the other body. [Dam92]

However, according to Aristotle’s rule, if there were a combination of two bodies, then
the combination of bodies should move at a greater speed than the individual speeds of

the bodies falling separately. [Dam92]

Galileo’s second criticism of Aristotle’s theory of motion was his assumption of
a proportionality between the speeds of a body and the density of the medium in which it
moves in. Galileo proved this assumption to be false by using hydrostatics, which was a

popular method at the time for describing natural phenomenon. Referring to a particular
hydrostatic phenomenon in De Motu [Dam92, p. 134]:
“For if the speeds have the same ratio as the [rareness of the] media, then,
conversely, the [rareness of the] media will have the same ratio as the speeds.
Hence, since wood falls in air but not in water, and, consequently, the speed
in air has no ratio to the speed in water, it follows that the rareness of air will
have no ratio in the rareness of water. What can be more absurd than this?”
Rareness refers to the density of the medium. The more rarified a medium was, the less
dense it was. Similarly, the less rarified a medium was, the more dense it was. Further,

from the quote, there is a simple relationship between the weight of a falling body and
the density of the respective medium. This relationship is that the speed of fall in a given
medium depends on the difference between the weight of the body and the weight of an

equal voulme of the medium, because of the hydrostatic thrust which must be subtracted
from the heaviness of the body. [Dam92, Caf09]

Lastly, De Motu and Aristotle’s theory of motion both agreed on the concept of

velocity. This was the Aristotelian concept of distance traversed in a given time which
was further supported by Galileo’s argument on the role of the medium in the motion
of fall. [Dam92] Galileo would later study this concept in more detail and explore how

velocity increased with distance in free fall by further investigations and experiments.

6.1.2 Acceleration as an Accidental Charact eristic of Fall
In the previous section, Galileo gave a holistic view of the theory of motion.
For example, the speed of a falling body was the speed of the overall motion of the
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falling body. However, in this section he concentrates on one of the qualitative aspects of
motion, acceleration of a falling body. In De Motu, Galileo introduces his discussion of

the acceleration of a falling body from a state of rest by stating, “The speed of natural

motion is increased toward the end.” [Dam92, p. 139]

Using his conclusions from the previous section, Galileo developed a premise for
acceleration of a falling body. This premise was described in three key excerpts from
De Motu. In excerpt one, Galileo gives his basic premise of accelaration based upon

observation of a falling body. Excerpts two and three provide further support of Galieo’s

premise of acceleration by eliminating the possibility that acceleration of a falling body
was not due to loss of natural weight of the falling body or its medium.
In the first key excerpt, Galileo accounts for the actual changing speed of a
falling body by a change of weight as follows [Dam92, p. 139]:

“Since, then, a heavy falling body moves more slowly at the beginning, it
follows that the body is less heavy at the beginning of its motion than in the
middle or end.”
In the second key excerpt, Galileo establishes the reason for loss of weight in the

beginning of natural motion by first excluding the possibility of loss of natural weight in
a falling body [Dam92, p. 139]:
“But the natural and intrinsic weight of the body has surely not been dimin
ished, since neither its volume nor its density has been diminished. We are left
with the conclusion that the diminution of weight is contrary to nature and
accidental. If, then, we have found that the weight of the body is diminished
unnaturally and from without, we will then surely have found what we seek.”

Finally, in the third excerpt, if it is the natural weight that is diminished in a
falling body, the cause of the loss of weight must be an external one; but this external

loss of weight was not due to the medium [Dam92, p. 139]:

“But the weight is not diminished by the weight of the medium, for the
medium is the same in the beginning of the motion as in the middle. The
conclusion remains that the weight of the body is diminished by some external
force coming to it from without - for only in these two ways does it happen
that the body becomes accidentally light.”

Accordingly, based upon these excerpts, Galileo believed acceleration of a falling
body was due to an external force and that it was an accidental or transient phenomenon.
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6.1.3

The Trajectory of Projectile Motion
Galileo’s analysis of the trajectory of projectile motion was contained in the last

chapter of De Motu. This analysis was based upon a review of Tartaglia’s treatment of
trajectories of projectiles in motion which resulted in two key conclusions about trajecto

ries of projectile motion in De Motu. These conclusions pertained to the general shape of

the trajectory of a projectile, and the compatibility of the upward and downward motion
of a projectile in motion.

The first key conclusion of De Motu had to do with the general shape of the

trajectory of a projectile. More specifically, the length of the first straight line part of the
general shape of a trajectory of a projectile developed by Tartaglia. Tartaglia believed

the general shape of the trajectory of a projectile consisted of a straight line followed by a

section of a circle and ending in a straight line. [Dam92] Also, the first straight line part
of the trajectory of a projectile represented the impressed force acting on the projectile.

Further, Tartaglia beleived that the first straight part of the trajectory of a projectile was
longer the closer the direction of the shot is to the vertical. [Dam92] In other words, and

using a cannon as an example, the first straight line part of the trajectory of a projectile

would be longer if a projectile is shot from a more steeply inclined cannon with respect
to the horizontal.

The second key conclusion of Galileo’s De Motu dealt with the compatibility of
the upward and downward motion of a projectile in motion. Galileo observed there were

two extreme cases: vertical projection and horizontal projection. The vertical projection
case was the easier of the two cases. In this case, at the turning point (the point at
which upward motion changes to downward motion), there was equilibrium between the

weight of the body and the impressed force propelling it.

[Dam92] Additionally, due

to the weight of a body and the impressed force propelling it, the projectile’s upward

and downward paths would begin and end at relatively the same point. As a result,
Galileo describes horizontal projection as representing the other extreme case in which
the downturn in motion could begin immediately because it does not interfere with the

motion increasing the distance from the projectile’s starting point. [Dam92] This was
described in the following excerpt from De Motu [Dam92, p. 147] where “ae” is referring
to a straight line:
“But when the body moves along ae, which is almost parallel to the horizon,
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the body can begin to turn downward almost immediately. For this turning
down does not interfere with distance [measured from the ground] from the
starting point.”

Free Fall and Projectile Motion in Galileo’s Manuscripts

6.2

In this section we shall see how Galileo tried to provide theoretical explana

tions to the results expressed in De Motu. This was done in a series of experimental

investigations, or folios. Also, we shall see in Galileo’s attempt to integrate these results
into his theory of motion, he shifted his attention to a conceptualization of acceleration.

[Dam92, Nay80] Additionally, in the course of these studies he derived other important

elements of the theory of motion, such as the conservation of motion and establishing that
the form of the trajectory of a projectile in a vacuum was a parabola. [Dam92, Nay80]

However, one element he was never able to resolve was the Double-Distance rule, which
states that the average vertical velocity to a point on a trajectory is always one-half the

instantaneous vertical velocity at that point. This section is divided into four parts. The
first part discusses the discovery of the form of the trajectory and the characteristic of

acceleration in free fall. The second part describes the conservation of horizontal inertia.

The third part discusses the velocity of a projectile motion. The last part describes the
Double-Distance rule.

6.2.1 The Discovery of the Form of the Trajectory and the Character
istic of Acceleration in Free Fall
The discovery of the form of the trajectory of a projectile was based upon an
early experiment by Guidobado del Monte who was a patron of Galileo and shared his

interest in projectiles. Monte had hypothesized that the trajectory of a projectile was

similar to a parabola or a hyperbola, which disagreed with Galileo’s analysis of projectile
motion in De Motu.

[Dam92] Monte confirmed these observations in an experiment

that allowed him to reproduce the trace of a projectile. The account of Monte’s early

experiment fortunately survived in a manuscript and was as follows [See Fig. 6.1] [Nay80,
p. 551]:

“The experiment of this movement can be made by taking a ball colored with
ink, and throwing it over a plane of a table which is almost perpendicular
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Figure 6.1: Trajectory as Traced by Guidobaldo del Monte

to the horizontal. Although the ball bounces along, yet it makes points as
it goes, from which one can see clearly that as it rises so it descends, and it
is reasonable since the force it has acquired in its ascent operates so that in
falling it goes in the same way, overcoming the natural movement in coming
down so that the force that it overcame from B to C, conserving itself, operates
so that from C to D it is equal to CB, and the force descending and gradually
lessening, is such that from D to E it is equal to BA, seeing that there is no
reason to show that from E towards DE the force is at all expended that,
although it lessens continually towards A, yet continues to be the reason why
the weight never travels in a straight line towards E.”
Accordingly, although this was an experiment on a small scale, Monte’s ex
periment confirmed his original observations that the general shape of a trajectory of a

projectile was a parabola, and the entire trajectory was a symmetrical curve. [Dam92]

Thus a key finding was established that the general shape of the trajectory of a projec
tile was a parabola, which would be further confirmed in more detailed experiments by

Galileo and other modern-day mathematicians.
When Galileo became aware of Monte’s experiment, he immediately recognized

the results contradicted his treatment of projectile trajectory in De Motu. As a result,

Galileo performed more detailed experiments similar to Monte’s to see if he could replicate
the same results. So he performed more experiments of measuring distances traversed

in equal times by a body gliding down an inclined plane as documented in folio 107v.
[Dam92, Nay80] Then using observation and heuristic reasoning, Galileo found the results

of these experiments were essentially the same as Monte’s and further confirmed that the
general shape of the trajectory of a projectile was a parabola and the entire trajectory
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was a symmetrical curve. This was a great theoretical discovery achieved by Galileo

and a significant contribution to the theory of projectile motion. [Nay80] Further, two

other modern-day mathematicians, David K. Hill and R. H. Naylor, [Hil88, Nay80] pro

vided additional confirmation that the projectile trajectory was parabolic by reproducing

Galileo’s original experiments and checking them for validity.

Moreover, the detailed

experiments that Galileo performed led to a better understanding of the acceleration of
a falling body and suggested to Galileo a quadratic relation between time and distance

as a characterization of the acceleration in free fall. [Dam92] This was central not only
to Galileo’s understanding of falling bodies, but also of projectile motion and the motion
along inclined planes.

6.2.2

The Conservation of Horizontal Inertia
Using the knowledge gained about the geometrical form of the projectile trajec

tory, Galileo next attempted to establish a mechanical explanation of projectile motion.
More specifically, Galileo wanted to show there was a relationship between the parabolic

form of the trajectory of a projectile and the conservation of momentum. Galileo an

alyzed this relationship in folios 175v, 81r, and 107v. These folios showed that once
Galileo confirmed that a projectile trajectory was parabolic, he became concerned about
the motion along the trajectory. [Nay80]
In folio 175v, Galileo used theoretical construction to examine the form of the

trajectory that would result according to a particular model of a projectile motion in
which horizontal and vertical motions were independent.

[Nay80] The results of this

experiment were that the vertical motions were considered unaffected by the direction in
which the projectile moved and Galileo was able to derive s oc t2 was the law of fall in

folio 128, where s represents distance and t represents time. [Nay80] Addtionally, Galileo

also determined that the horizontal component of speed of a projectile steadily decreased.
[Nay 80]
Further, Galileo conducted additional experimental investigations in folios 81r

and 107v, and was able to relate them to his pre-1604 theory of motion. [Nay80] Based

upon their results, Galileo was able to account for the parabolic shape of a trajectory in

terms of two other major components: the law of fall and the principle of conservation of
momentum. [Dam92] Thus, Galileo showed there was a relationship between the parabolic
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form of a projectile and the conservation of momentum.

6.2.3

Velocity of a Projectile
Galileo’s studies of the velocity of a projectile in motion were some of the most

detailed work he did. His work concentrated on finding relationships between velocity,

average velocity, and instantaneous velocity. This subsection describes the conclusions of
Galileo’s studies of velocity.

Having shown a relationship between the parabolc form of the trajectory of a
projectile and the conservation of momentum, Galileo next attempted to relate these ideas

to the idea that velocity increased with distance of fall. [Nay80] This was investigated

in folios 114r and 117r. Folio 114r investigated whether velocity increased with distance
of fall, and folio 117r investigated the way in which the average velocity of a projectile
changed along its trajectory in relation to time. [Dam92, Nay80]

Prior to conducting these investigations, Galileo had made certain predictions
of their conclusions. First, he hypothesized that horizontal speed was proportional to
distance. [Nay80] Second, the rate of increase in average velocity would not be steady

and would result in a diverging series for successive increases in the average velocity in

succeeding time intervals.

[Nay80] However, the results of the investigations of folios

114r and 117r were contrary to what Galileo had originally predicted. The results of
folio 114r indicated that, along with the previous work done in folios in 107r and 175v,

the velocity did not increase with distance of fall and therefore horizontal speeds were

not proportional to distance of fall as originally predicted by Galileo. [Nay80] Similarly,
the results of folio 117r did not agree with Galileo’s predictions and according to Naylor
[Nay80], “On the contrary, the convergence of the series in folio 117r indicates that the

rate of increase in average velocity with time tends to be a steady value, and the rate of

increase in average velocity tends to zero as convergence occurs.”
Galileo, in his studies of the velocity of projectile motion, gained another invalu

able insight into the instantaneous velocity of a projectile at a point along its trajectory.
This insight was a property called the tangent property which was the tendency of a
body at a point in motion to move tangent to a circular path. [Nay80] Using the tangent

property, Galileo concluded there was a steady increase in instantaneous velocity with
time, but not with the distance of fall. [Nay80]
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Thus, Galileo’s studies of the velocity of a projectile in motion resulted in sev
eral significant conclusions. First, he rejected the idea that the velocity increased with

distance of fall and believed instead that velocity increased with time. Second, he saw

instantaneous velocity and average velocity increased steadily with time. Finally, Galileo
saw average velocity as proportional to instantaneous velocity.

6.2.4 The Double-Distance Rule
In folio 117r, Galileo had observed that average vertical velocity to a point
on the trajectory was always one-half the instantaneous vertical velocity at that point.

[Dam92] From this observation, Galileo concluded another aspect of projectile trajectory,
the double-distance rule. However, it should be noted this rule was also found in folio
163v, which seems to indicate that Galileo considered it a basic rule even before he

understood the rule completely. [Nay80] The following argument is called the “double
distance rule” [Nay80, p. 566]:

“A body is considered to move from A to B with naturally accelerated motion
beginnining from rest [see Fig. 6.2]. The body is then considered to move
from A to B with uniform motion equal to the maximum speed attained by
the accelerated motion. In this case, it is said, the body would complete the
space twice as quickly as in the first case. Galileo argues that this conclusion
follows from the ratio of the instantaneous velocities in accelerated motion
and in uniform motion. The total points on AB and hence of instantaneous
velocities is the same in uniform motion and accelerated motion. The ratio of
the total of these instantaneous velocities is said to be the ratio to the area
of triangle ACB to the area of the rectangle ADCB.”

From this argument, certain conclusions can be made. First, the double-distance
rule assumed a direct proportionality between the instantaneous and average velocity
where there was thought to be none before. [Nay80] Second, the double-distance rule

explicitly assumed that the average velocity in accelerated motion was equal to onehalf the instantaneous velocity for any time interval considered.

[Nay80] Finally, the

combination of the double-distance rule with the law of fall was directly proportional to
time. [Nay80]

Galileo tried to confirm the validity of the double-distance rule in folio 116v.
He conducted an experiment that involved rolling spheres down an incline and measuring

their vertical fall and comparing the results against the predictions by the double-distance
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Figure 6.2: Transcription from Folio 163v

rule. However, the results were not consistent with the predictions of the double-distance

rule. As a result, Galileo was not ale to confirm the validity of the double-distance rule.
In summary, this chapter describes the general framework of Galileo’s first se

rious and systematic study of motion in De Motu, and how Galileo recognized early on

there were deficiencies with it. Then it shows how Galileo came to realize De Motu was
incompatible with further insights into the theory of motion and how these incompati

bilities were corrected and improved upon by him through further experimentation and

anaylsis. Accordingly, through a theoretical process and work on projectile theory by
Galileo, the major elements of Galileo’s theory of projectile motion had matured. Galileo

also showed, contrary to Aristotle’s belief, that the speed at which a body fell was not
proportional to its weight. [Cha07] He then showed that acceleration of a body along an

inclined plane was not accidental or a transitory phenomenon, but rather a constant pre
dictable quantity. [Dam92] Then, Galileo showed in his studies of velocity of a projectile

in motion several relationships between velocity, average velocity, and instantaneous ve
locity. [Nay80] Finally, he demonstrated the general form of the trajectory of a projectile
was a parabola through intensive experimentation and analysis. [Dam92, Nay80, Hil88]
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Chapter 7
r

Robins’ and Euler’s Theory of
Projectile Motion
7.1

Robins’ Theory of Projectile Motion
During the early part of the 18th century, an engineer by the name of Benjamin

Robins made a significant contribution to the theory of projectile motion and is considered

by some to be the father of modern ballistics research. [Hal52] His major contribution
was his study of the complex function of air resistance on projectiles in motion using

experimental thermodynamic analysis of interior and exterior ballistics research. [Ste94]
Additionally, he invented the ballistic pendulum and whirling arm for measuring the
magnitude of air resistance of projectiles in motion. [Ste94] Robins published the results

of these studies in New Principles of Gunnery in 1742. [Anal2] Further, the impact of
these studies was to highlight deficiencies in Galileo’s theory of projectile motion, and

second, make possible mathematical analysis of higher order ballistics.
Robins was born in 1707 in Bath, England to poor Quaker parents. Not much is

known about Robins’ early schooling but it is believed that he was self-taught. No records
exist of Robins ever attending school in Bath.

But, by whatever means he acquired

his early education, he was such an exceptional student that he was encouraged to go

to London to receive formal education from the the well-respected mathematician Dr.

Henry Pemberton (1694-1771). [Anal2] Here Robins studied the works of authors such
as Apollonuis, Archimedes, Fermat, and Newton. Robins excelled, and soon became a
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teacher of mathematics himself. Robins’ talents and interests went beyond mathematics

and he went on to become an engineer constructing bridges, mills, and harbors.

One area Robins excelled in was writing. He wrote several mathematical papers
while teaching mathematics and working as an engineer that gained him much fame. Some

of these mathematical papers included The Present State of the Republic of Letters (1728)

and Remarks on M Euler’s Treatise of Motion (1739). [Cral2] With his newly found fame,
and feeling very confident in his abilities, Robins applied for a professorship at the Royal

Academy in 1741, but failed to be appointed due to politics. But his efforts were not
wasted, for in 1742, Robins published New Principles of Gunnery, which formed the basis
for all subsequent work on the theory of artillery and projectiles. [Anal2] This work grew

out of a course Robins had intended to teach at the Royal Military Academy. Robins’
work was so highly praised by Leonhard Euler that he had it translated into German,
adding and improving on it with his own annotations in 1745.

[Cral2] Additionally,

Robins applied himself by inventing such devices as the ballistic pendulum and conducting

studies to measure the magnitude of air resistance of projectiles in motion that led to the

new science of ballistics. He was recognized for his achievement by receiving the Copley
Medal from the Royal Society in 1747. [Anal2]

Robins returned to engineering in 1749, and was appointed as Engineer General
for the East India Company. -He was subsequently sent to India the following year where

he prepared military defenses for Madras and Cuddalore. Regrettably, he contracted a
fever while working on these fortifications and died in Cuddalore in 1751. [Anal2]

7.1.1 Ballistics Theory Before Robins
The preeminent ballistic theory before 1742 was Galileo’s vacuum or parabola
trajectory. However, there were some handicaps in Galileo’s ballistics theory. First, his
theory was useful only for projectiles fired at low speeds since air-resistance had little

effect on the flight of such a projectile. [Ste94] The theory was not useful for projectiles
fired at high speeds. Additionally, attempts to improve on Galileo’s theory by the great
mathematicians Huygens, Newton, and Bernoulli proved elusive. One reason was that
basic differential equations did not include accurate measures of the two key parameters of

muzzle velocity and air resistance, which were essential to making worthwhile quantitative
scientific predictions. [Ste94] Accordingly, until some way was devised to measure these
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parameters, the only useful ballistic theory was Galileo’s ballistic theory.

7.1.2

Robins’ Interior Ballistics
Robins made two contributions to interior ballistics. These were his studies of

a projectile’s muzzle velocity and development of a ballistics pendulum.

Robins’ first contribution to interior ballistics was to quantify a projectile’s
muzzle velocity as a function of its mass, gunpowder quantity, and barrel geometry. This
was accomplished by first looking back to previous work done by Daniel Bernoulli, who
analyzed the muzzle velocity of a gun fired with compressed air, and the experimental

work of Hauksbee and Hales. [Ste94] Robins then identified the parameters he wished to

measure, set up the equations of motion to solve, performed the mathematical analysis,
compared his results with experimental observation, and came up with a solution. His

solution was the development of a theory of interior ballistics that predicted the work

done on a musket ball by combustion gases in the barrel from which he could easily solve

for the musket ball’s muzzle velocity. [Ste94]
Robins’ second contribution to interior ballistics was the development of the

ballistic pendulum, a device which was used to help derive the differential equations of

projectile motion. The instrument consisted of a flat plate connected to a rigid bar that

swung from a tripod. It was used to measure a musket ball’s velocity by shooting a
ball into the plate and observing the amplitude of the pendulum’s swing. Then knowing

the ball’s velocity, Robins could derive an equation for the bullet’s velocity right before
impact as a function of the ballistic pendulum’s swing. [Ste94] This was a major step in

the theory of projectile motion since it provided Robins and his successors a means of
quantitatively measuring both muzzle velocity and air resistance, two parameters crucial

in the differential equations of projectile motion. [Ste94]

7.1.3

Robins’ Exterior Ballistics
Robins made two major contributions to exterior ballistics. These were the

invention of the whirling arm and the property of lateral deflection.
Robins’ first contribution to exterior ballistics was the invention of the whirling

arm used to measure projectile air resistance at velocities too low for the ballistics pendu

lum. The device consisted of a pivoted arm that rotated horizontally and was powered by
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a falling weight. [Ste94] Further, although not as complicated as the ballistics pendulum,
a knowledge of mechanics was needed to interpret the data. Robins used the results by

equating the product of the falling weight and its steady-state velocity to the “power”
dissipated by the arm and the projectile in the air. [Ste94] The air resistance force acting

on the projectile could subsequently be determied.
Robins’ second contribution to exterior ballistics was his analysis of the aerody

namic property of lateral deflection of a projectile. The lateral deflection of a projectile
is the movement of the projectile, left or right, from its initial direction of motion. To

study this property, Robins shot musket balls into a series of evenly spaced tissue-paper
curtains. By observing where the balls hit, Robins demonstrated there was enormous

deflection of a bullet’s trajectory from the initial direction of motion. He attributed this
to the spin of the musket ball bouncing along the musket’s barrel during firing, causing a
deflection. [Ste94] Further, Robins hypothesized the rotation of the musket ball created

an uneven force on one side of the musket ball as it left the musket. This created a friction
or “pressure” force that pushed the ball to the side where the airflow was the greatest.
[Ste94] Additionally, Robins also found that rifles have greater accuracy because there is

less resistance on a bullet in a rifle, and a rifled bullet receives a greater initial velocity

than a musket ball, which causes it to fly straighter. [Ste94] This theoretical explanation
is called the “Robins effect.”

7.2

Euler’s Theory of Projectile Motion
Early eighteenth century Switzerland was the birthplace of many leading figures

in mathematics. The most significant of these was Leonhard Euler, a major contributor to

the theory of projectile motion. One major contribution to the theory of projectile motion
was his extensive mathematical commentaries of Robins’ work, by pointing out analytical

errors, and addressing other areas of artillery and ballistics not covered by Robins. [Ste94]
The result of these commentaries was to simplify Robins’ work on ballistic motion, and
make its application more practical to gunners.
Leonhard Euler was born in 1707 in Basel, Switzerland, near the southern bor
der. His father, a gifted mathematician having studied under Jacques Bernoulli, was a
clergyman who had hoped his son would follow into the ministry. The father passed on

his Bernoulli education to his son as his first instructor. Young Leonhard soon realized
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his future lay in mathematics and in 1720 entered the University of Basel and studied

under John Bernoulli. [Ste94] There, he also formed a lifelong relationship with John
Bernoulli’s two sons, Daniel and Nicholas. In 1722 he received his Bachelor of Arts, and
his Masters in philosophy the following year. [Tur62]

For mathematicians beginning their careers in Switzerland in the early 1700’s,

there were few professorships yielding few chances of employment.

In 1725, Daniel

Bernoulli accepted the senior appointment at the newly established St.

Academy in Russia.

Petersburg

He moved there with his elder brother Nicholas, and two years

later arranged for Euler to join them. Euler was initially given a junior post in a medi
cal section of the academy, but managed to get transferred to the mathematical section,

where he became a member of the permanent staff. When Daniel Bernoulli returned to
Basel after six years at the St. Petersburg Academy, Euler succeeded him there as the

premier mathematician at the academy.

During his first St. Petersburg period, which lasted fourteen years, Euler wrote

both elementary and mathematical textbooks for use in Russian schools.

[Cal96] He

wrote almost ninety works for publication, and made notes of various important ideas

to be developed later. Unfortunately, strenuous work and the severity of the Russian
climate affected his eyes, and in 1735 he lost vision in one eye.

In 1741, there was a great deal of turmoil as to who should occupy the Russian

throne. Euler decided it was time to leave Russia and accepted an appointment from
Frederick the Great and moved to Berlin. During this time, Euler had Robins’ New
Principles of Gunnery translated into German and provided annotations that nearly

tripled the length of the work. Euler’s stay in Berlin was not entirely happy as there was
eventually an impasse in his relationship with Frederick the Great. Euler had expected

some degree of academic freedom but the King tended to look down on him, referring to

him as ‘my cyclops’ in allusion to his loss of sight in one eye. [Jam57, Cal96] So in 1766,

Euler returned to Russia and accepted the position of mathematical chairman at the St.
Petersburg Academy. Shortly after Euler returned to St. Petersburg he suffered the loss

of sight in his other eye due to an unsuccessful cataract operation. [Bel37] However, this

in no way hampered his ability to do research, and for the next 17 years Euler found
selfless and devoted helpers in his sons and servants, to whom he dictated a vast store of
mathematical papers. In 1783, Euler suffered a stroke and died at the age of seventy-six.
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7.2.1

Robins’ and Euler’s Ballistic Trajectory Analysis
In 1745, Euler had Robins’ New Principles of Gunnery translated into German

and added his own extensive mathematical commentaries of Robins’ ballistics theory. A

significant part of these commentaries was Euler’s analysis of a ballistic trajectory, includ
ing air resistance effects. There were three major findings included in the commentaries.
First, Euler tried to simplify Robins’ ballistic theory as much as possible and make its

application more practical to gunners. For example, Euler used approximate methods to

simplify his analysis of the complex .nonlinear differential equations of ballistics motion.
[Ste94] However, Euler found this solution only worked for projectiles with low velocities.

This was unfortunate, but it did show Euler’s intent to try new approaches and tech

niques whenever and wherever possible in an attempt to simplify ballistic motion theory.

He was not always successful, but he tried. Second, Euler obtained a partial solution
relating the angle of elevation to range when air resistance was small. Third, with this

solution, he also proved that the angle for maximum range was not 45 degrees, as Galileo

had thought, but depended on the magnitude of the air resistance. [Ste94]
Another significant and groundbreaking contribution Euler made to ballistic

trajectory analysis was publishing the first complete set of ballistic tables in 1753. These
tables were obtained by Euler making an assumption that a projectile’s air resistance was
proportional to the velocity squared. Additionally, these tables were based upon Robins’

previous work of quantitatively relating muzzle velocity and air resistance. Euler then

numerically integrated the equations representing range, altitude, time, and velocity for
each trajectory of a projectile using the trapezoidal rule (a method of finding the area of a
curve by approximating the area with a series of trapezoids). [Ste94] Next, Euler grouped

the trajectories into families by muzzle velocities and angle of elevation. Finally, Euler
calculated the ballistic table for each particular family, and with it, could determine the

velocity, range, maximum altitude, and angle of elevation. [Ste94] These tables greatly

simplified gunner calculations in the eighteenth century, especially for mortar fire. [Ste94]
In fact, in a testament to Euler’s work, they remained in use until World War II for
calculating ballistic tables for low and high velocity mortar fire. [Ste94]

40

7.2.2 Euler’s Remarks
Robins’ research left no doubt about the significant effect that air resistance had

on projectile motion. It was now Euler’s turn to provide further mathematical support
by using fairly sophisticated and complicated aprroximation methods.

Euler derived

equations of motions for horizontal shot, then for a vertical shot, and for a shot made

at an oblique angle to the horizon. However, these derivations filled a total of 29 pages

in Euler’s translation of Robins’ New Principles of Gunnery and cannot all be covered

here. But a good illustative example of Euler’s work was his derivation of equations for
a horizontal shot.

Euler’s derivation of equations for horizontal shot are described in a presenta
tion by McMurran and Rickey entitled The Impact of Ballistics on Mathematics. [MR08]

Suppose a ball is fired horizontally from E to F as shown in Fig. 7.1. [Eul] If the distance
EF is not too great, the ball will not descend far. Such a shot is called a point-blank

shot. [Hut78] But the ball does fall somewhat, say to G, a point directly below F. The
angle Z.FEG is very small. Consider an arbitrary point P on EF and a point directly

below, M, to which the ball would fall as it moves from E toward P.

The varibles and parameters in Fig.7.1 are defined as follows:
6

= the height from which the body must fall to acquire its initial velocity

c

= the diameter of the ball

n

= the ratio of the density of the ball to the density of air

x

= EP

y

= PM

y/v

= the velocity of the ball at M

Additionally, to determine the motion in the horizontal line EP, it is observed that the
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resistance at P is expressed by a column of air, whose height is:

v
2?
2 + 2h

where the parameter v is the square of the velocity at P (or M), and the parameter h is
related to the “elasticity” of the air, i.e., its ability to fill the vacuity formed behind the
projectile as it moves.

The weight of the ball is expressed by a column of air whose height is |nc where
n is the ratio of the density of the ball to the density of air and c is the diameter of the
ball. So the ratio of the resisting force to the weight of the ball is given by:

3v(h+ v) .
4ncft

This is the force that resists the motion of the ball, so Euler has the following differential
equations that govern the motion of a horizontal shot:

dv =

—3v(Zi + v)
dx
4nch

and

Euler made three attempts to solve these equations, but he was only partially
successful. In his first attempt, Euler attempts to solve these equations without any
simplifying assumptions. Accordingly, he was only able to solve for x and t. but not for v.

In performing the integrations, he used partial fractions and integration by substitution.

The resultant solutions were quite complicated and were as follows:

and
t = 8nc/Vb-gv _ 1
3 V \fbv

(Vb-Vv)Vhx
h+Vbv

/
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In Euler’s second attempt at solving these equations, he introduced the following

assumptions:
is “small”.

1. If 0 is “small” then

o

Vb-y/v
(b+h) . _3x_
bv
~ 2hy/b ' 4nc'

a

+ o -v,

3xy/b

^xy/b
~ SncVh'

Assumption 2 simplifies the equation by keeping only two terms of the exponen
tial series, which quickly gives a solution of x = t^/b. But this cannot be correct for this

solution represents uniform motion.
In his third, and final attempt to provide a satisfactory approximate solution,

Euler takes three terms of the exponential series:

This time he is able to solve for the time t to reach point P. the angle through

which the shot has fallen, and the velocity of the shot at P as follows:
x

Vb

‘3(b + h)x*

lQnchy/b

3(h2 — b2)s?

128'/72c2/z2\/b'

ZPEM = arctan (£■ +
\4&
32ncbh

,
)

and,
_ &

3b(b+h)x
4nch +

+
32n2c2h2

Derivations for a vertical shot and for a shot made at an oblique angle to the

horizon were quite complicated and lengthy, but some general conclusions can be made.

First, to illustrate Euler’s accuracy of his formulas for a vertical shot, Euler chose an
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example giyen by Daniel Bernoulli in the Petersburg Commentaries. In these Commen
taries, Bernoulli had reported a flight time of 34 seconds. Euler’s predicted flight time

using his own derivations was 33.87 seconds: 13.75 seconds for ascent, and 20.11 seconds
for descent. Second, if resistance is small, then:
1. The range at any given angle of elevation will be less than that of the case with no

air resistance.
2. As we increase the angle of elevation, the difference between the actual range and
the range in the non-resistant case will increase.

3. The greatest range will occur at some angle less than 45 degrees.
Moreover, if nc is much greater than 6, i.e., we have a very large and/or very heavy shot
moving at a very slow speed, we can estimate the angle that yields maximum range by:

Robins and Euler were instrumental in influencing a shift from thinking about

ballisitics problems emperically to thinking about them analytically. Robins’ major con
tributions were his. studies on the significance of the complex function of air resistance
encountered by projectiles in flight using interior and exterior ballistic research. Addition

ally, he developed the ballistic pendulum and whirling arm for measuring the magnitude

of air resistance of projectiles in motion. [Ste94] Robins published the results of these

studies in New Principles of Gunnery in 1742. [Anal2] Robins’ major conclusion was

that muzzle velocity and air resistance were crucial to predicting projectile motion. Eu
ler’s major contribution to the theory of projectile motion was his extensive mathematical
commentaries of Robins’ work, with the goal of simplifying Robins’ ballistic motion theory

and making its application more practical to gunners.
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Chapter 8

Inverse Problem in a Resistive
Medium
An interesting and complex mathematical problem in the theory of projectile

motion is the inverse problem in a resistive medium. The origins of this problem were

Tartaglia’s theoretical studies of projectile motion where he noticed the inverse problem
of determining angles leading to a given submaximal range having precisely two solutions.

[Gro96] Up to this time, military gunners were primarily concerned with finding only the

range for a given angle of elevation. The formula for finding said range is R(fT) = y sin 26,

which is a fairly commonplace formula in basic physics and calculus texts. [Gro96]
This chapter examines and describes the solution to Tartaglia’s inverse problem

for projectiles in mediums that resist motion in proportion to the projectile’s velocity.
[Gro96] This will be done by using methods of simple linear differential equations and

elementary analysis methods related to a fixed point equation to show that each submax
imal range has exactly two initial angles of ascent. The solution to the inverse problem

is described in the two sections by Groestch [Gro96, pp. 548-551]: (1) the linear model,

and (2) the inverse problem. ’

8.1

The Linear Model
In the inverse problem, it is difficult to describe the precise nature of air resis

tance on a projectile in motion. However, as a stepping stone, a good approximation to
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resistive behavior is the linear model in which resistance is taken to be proportional to

velocity. [Sym53, TD48]

Figure 8.1: Illustration of Parameters Acting on a Projectile

Consider a projectile starting from the origin in a vertical xy-plane, having initial
velocity uo as indicated in Fig 8.1. [Bli44] Also, suppose the projectile P has mass m and

the medium resists motion in proportion to the projectile’s velocity with proportionality

constant K > 0. The forces acting on the projectile P are the force of gravity mg and the
I
drag D of the air in the direction opposite to the projectile’s motion along the tangent as
indicated in Fig 8.1. Then from Newton’s second law, F = ma, the equations of motion

for the x and y components of the projectile would be as follows;

mx = —Kx

my =—mg — Ky .
Dividing both of the above equations by m, and letting k — & we get:

x = —kx
V = -g-ky .

Now, if the muzzle velocity is vo, the angle of elevation Oq, and the projectile is initially
at the origin, then the unique solution of the equations of motion can then be determined

by separable differential equations.

i
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To solve the equations for the x component we begin by letting letting x = u.
Then x” =

which in turn is —ku. Now integrating this expression,

we obtain

ln|u| = —kt + C.

= Cie~kt. Integrating this expression, we get

Then u = C\e~kt which becomes

x = -yre~kt + Bik

All that remains to do is to solve for the constants Ci and B±. This can be done by using

the initial conditions of z(0) =0 and a/(0) = vo cosflo-

Using the initial condition of 3/(0) = t>ocos0o> then Ci is vocosflo- Now we
solve for the constant B±. We let rr(O) = 0, then we have 0 = — voc°s^q + ]y and thus we

have Bi =

. Then the unique solution for the x component of the trajectory of a

projectile P with air resistance K and mass m, where k =
_
x{t) -

is as follows:

vo cos ^0 -kt , v° cos ^0
~e
+ —k~-

Simplifying, we get

x(t) = (vocos0q)(1 — e~kt)/k.

(8.1)

Similarly, solving for the y component, we begin by letting y = u. Then y” =
which in turn is —g — ky . Factoring out a k, we have

(£ + u) we get

= —k(^ + u). Then dividing by

= —kdt. Integrating this expression,

we obtain

In It—I- 'it I — —kt 4- C .
I HJ

1
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Thus u = C‘2e~kt —

Then J = Cze~kt — % and integrating we get

i

r?

~T+B2-

y~~~k

Just as with the x component above, all that remains is to solve for the constants
(?2 and Bz- Again this is done by using the initial conditions y(0) = 0 and$/(0) = vosin^p.
Using the initial condition of y (0) = uosin^o, gives Cz = uosinQp 4-

y = _^sinfego+le-^ _

Then we have

-i- Bz. Since y(0) = 0,

0 = _VoSm^o + f

k
Thus
uosin0o , 9
B2 = ~i^ + &After some simplifying, the unique solution for the y component of the trajectory of a

projectile P with proportionality constant K and mass m, where k =

_ up sin6>0
k
rtr

, g _ wosin£o fct
' kru2
k
6
A
j

g
kt
k
2&
A>

is as follows:

gt
k
’
fu

and simpliying some more we get

(8.2)
Another equation can be obtained from the x and y components for the range

R = R(0q) for a given initial angle of elevation 0q. This new equation is as follows:

(8-3)

where A(0o) = asec^o + 6tan0o, a = |, and b =

The first step in obtaining (8.3)

is to set (8.2) equal to zero. Equation (8.2) is set equal to zero because the projectile

completes its trajectory when its height is 0.

Thus, letting fy be the time when the projectile completes its trajectory,
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0=

k

Rearranging we get
gif _ (vosin0o
9 A A
k
k
+ k2)\

Dividing both sides by VqS^n^ +

gives

kgtf
kv0 sin 9o + g

= (1 - e-kt>),

with the denominator of the left hand side never equal to zero since both terms are pos
itive for 0 < 0o < f •

Now, substituting the expression for (1 — e~kt) for the same in (8.1) gives

f. \

(v0 cos 0O A (

D

\

kgtf

X^ = R={-^-) (j^S + g)’
_ gtfVQ cos 0p
kv sin 0o + g'
Solving for tf yields

R f-tan0O -I------- —= tf.

\9

gvcosvoj

Substituting this expression for tf into into (8.1), we get
L’0 COS

0q

_ e_(^tanflo+^sec0o)^

This equation is equivalent to (8.3) if we let a =

and A(0o) = 6tan0o+asec0o-

This is a very helpful result, since for fixed k > 0, v > 0 and 0o G (0, f), equation

(8.3) shows that the range is a fixed point of the function

/(s) = c(l - e ds),s > 0

(8-4)
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where c =

, and d = A(0o). Also, note that c > 0 and cd = 1 + Qsi^go > 1 for

00 € (0, £).
Equation (8.4) leads to the following proposition. [Gro96]

Proposition 1. If c > 0 and cd> 1, then the function f in (8.4) has a unique positive
fixed point p G (0, c), Moreover,

(i) 0 < s < p if and only if f(s) > s and p < s if and only if f(s) < s,

(ii) 0 < f'(p) < 1.

Proof

The proof of part (i) begins by observing three statements that can be readily

proven true. These statements are:

/ : [0, C1 -> [0, c)

(8-5)

7(0) = 0

(8-6)

/(0) = cd > 1

(8-7)

Statement (8.5) is an immediate consequence of the fact that 0 < e“x < 1 for

x > 0. Therefore, 0 < c(l — e~ds) < c for s > 0. Then with /(0) = 0, f maps [0,

c] into [0, c). Statement (8.6) can be shown to be true by substituting 0 into equation

.
(8.4)
Finally, to show statement (8.7) is true, take the derivative of equation (8.4) to get
y\s) = cde~ds. Then / (0) = cd which is greater than 0 by hypothesis.

Next we want to show f(s) has a fixed point.
Let

F(s) = s — c(l — e ds), s > 0.

First we want to show F(0) = 0, F(c) > 0, and F?(0) < 0. Clearly F(0) = 0.
F(c) > 0 since F(c) = e~dc > 0. Then F'(s) < 0 since F'(s) = 1 — cde~ds < 0 for

s G (0,128^4), Since F is decreasing on s € (0, ^^) and F(0) = 0 then there exists a s

such that F(s) <0. But F(c) > 0, and thus by the Intermediate Value Theorem, [Lei72]
there exists p G (s, c) such that F(p) = 0.
Using statements (8.5), (8.6), and (8.7) we can establish that f has a unique fixed

point on the interval (0, c). Note that since / (0) > 1 and /(0) = 0 then hma._>0+ f 7(^1 j >
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1. Thus,

> 1 for sufficiently small s. Using the fact that /(c) = c(l — e~ds) < c, and

since /(s) > s for all sufficiently small positive s then it follows from the Intermediate
Value Theorem [Lei72] if / has two positive fixed points Pi-P2 G (0,c) with pi < P2,

So, by the Mean Value Theorem [Lei72] there exists an

then

x G (O,77i) such that f(xi) — 1. Also,

= P2~pi ~

so’

Theorem there exists ir2 G (pi,p2) such that f '(22) = 1. It follows that

^ie Mean Value

= 0,

so by the Mean Value Theorem there exists X3 G (^1,^2) such that f "(x3) = 0. But

/"(rr) = — cd2e~dx < 0 on (0, c), so we have arrived at a contradiction. Further, the

statements in (i) follow immediately from the fact that /'(0) > 1, /(c) < c, and (0,p) U

(p, 00) is free of fixed points.
To prove part (ii) of Proposition 1 we first note that /'(p) = cde~dp > 0 because

cd > 0. Next we want to show that /'(p) < 1.
Note that ex > 1 + x for x > 0. Dividing both sides by ex we get 1 > (1+ x)e x.
Then subtracting (1 + x)e~x gives 1 — (1 4- x)e~x > 0.

Adding x to both sides we get

1 + x — (1 + x)e x > x,

which is also equal to

(1 + a:)(l — e x) > x,
which also implies

1 - e~x >

x
1 + x*

Setting f(cd — 1) = c(l — e1 cd) gives

c(l — e x) where x = cd — 1 > 0,

which is

which is equal to
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c

cd — 1

cd

gives

cd — 1
d
So if s =
by (i).

then /(s) > s. Therefore

< 1 by (i) which is also equal to cd—pd < p

Then from equation (8.4) and the fact that p is a fixed point, then f'(p) =

cde~dp = cd — pd> 0 from which we can conclude /(p) < 1.
□

Note the programs used to compute the R for a given angle 0 solves equation
(8.3), in the form of the equation (8.4), by fixed point iteration. Additionally, note that

s — /(s) if and only if s = R. A point s satisfying s = f(s) is called a fixed point of
f. As such, Proposition 1 is sufficient to guarantee that a fixed point iteration converges

monotonically to the fixed point of equation (8.4) for any initial approximation so > 0.

Accordingly, this provides mathematical validation of the method used in the MATLAB
software which in turn is used to produce the plots in Figure 8.2. In particular, we see that
the projectile range R(0) may be computed by fixed point iteration for any 0 6 (0, J). For

example, the computed range function R(0) (with v = 50 ft/sec and g = 32.2 ft/sec2) is
plotted [MAT, PY04] in Figure 8.2 for several values of the resistance constant k. Figure

8.2 shows five plots for various values of k. The highest plot has the lowest k value, and

as the plots descend from highest to lowest, the k values increase. Further, from this fig
ure, there are a couple of key observations that can be made. First, the maximum range
angle decreases from J as resistance increases. [PY04] Second, the symmetry about the
maximal range angle that was present in the no-resistance case disappears dramatically.

[PY04] Finally, from this figure, we can see that Tartaglia’s observation that each sub-

maximal range had precisely two solutions still was credible in a resistive medium. [Gro96]
A proof of this is given in the next section.
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Figure 8.2: Range versus Angle of Elevation
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8.2

The Inverse Problem
The previous section described the linear model as one of two approaches to

Tartaglia’s inverse problem. This section examines and verifies Tartaglia’s observation

that there is a second result for the inverse problem, namely that each submaximal range

has precisely two solutions. This will be proved in two parts. In the first part, using
Lemma 1, some basic formulas for geometric quantities will be proved. This will give

us more support and some necessary tools for directly solving the inverse problem. In
the second part, the inverse problem itself will be proved by Proposition 2 using some

elementary analysis related to a fixed point equation.

Lemma 1. Suppose A(0) = asecG + &tan0, B(&) = bsecO + a tan# and _R(0) is defined
by (8.3). Then,

(i) A'(#) = B(0)sec0,B'(0) = A(#)sec#,

(ii) A(#)2 - B(0)2 = a2~b2 and,
_

A(6)b

(iii) 1 - e b(«>.

=

_

if Jt'(ff) = o.

Proof. The first two statements (i) and (ii) are straightforward. The third statement is
found by first recalling equation (8.3) from the previous section, which is

Cb

then taking Rf (#), which gives

(1 _

R'(0) =

(0)4(0))) .

+

Now if # is such that R' (0) = 0, then the above equation simplifies to

o=

By (8.3), 1 —

(1 -

+

(A\0)R(O)e-A®W^ .

and by part (i) of the lemma, A (0) = B(0)sec0.

Substituting for the corresponding expressions in the above equation gives
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Dividing both sides of the equation by R(0) gives

_||| =

(B^secfle-4®"®) ,

• sec 0 = i sothe equation simplifies to

and we notice on the right hand side that

—atan# = B(0)e"A(5^.

Solving equation (8.3) for e~A^R^ gives e~A(&R$) = 1 —

Substituting 1 —

(8.8)
.

for e~A&RW) into equation (8.8) gives

a tan# = B(#) (1 - ±5©)

\

cos 0 /

from which it follows that

a sin 0 = B(0) cos 0 — aB(0)R(0).
Solve for R(0) to find

B(0) cos# — a sin#
aB(0)
'

Substituting 6 sec# + a tan# for B(0) gives
(bsec 0 + a tan #) cos 0 — a sec 0

aB(0)

which gives

RW =

So we obtain R(0) =

b
aB(0)'

b_
, which we can substitute into (8.3) to get
aB(0)
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b
_ cos0 /
— 6A(0)\
aB(0) ~ ~
” "aBfO) J ’
which leads to the statement in (iii) as desired.

□

Proposition 2. The equation R(0) = r has precisely two solutions 0 G (0, f) for each
positive number r smaller than the maximum range.
Proof. The proof of this proposition will be divided into two parts. First we show that
the equation R(0) = r has at least two solutions. Then we show by contradiction that it

has at most two elevations 0 that result in a given submaximal range.

To show that R(0) = r has at least two solutions, we shall show that R(0) is
positive, continuous, and differentiable on (0, E); that it attains a maximum value at
some 0 6 (0, ^); and finally, if r G (0, R(&f), we apply the Intermediate Value Theorem

to show there exists 0i € (0,0) and 02 G (0, |) such that R(0i) — r.
Recall that R(0) is defined implicitly by the equation _R(0) =

(1 — e~A^R^)

on the interval (0, |).

In particular, 7?(0) is a fixed point of equation (8.4), f(s) =

c(l — e~ds) with c =

and d = A(0) where a = — > 0, b = ~- > 0, and

A(0) = &tan0 + asec0. Notice that c > 0 and cd = | sin0 + 1 > 1 for 0 G (0, |),
so it follows from Proposition 1 that R(0) > 0 on (0, |).
Let

F(9, r) = r -

(1 - e~A&r) ,

where F(0, J?(0)) = 0 because R(0) is a fixed point of equation (8.3), R =

(1 — e ^W^).

Now
dF = 1
or

cos*
a

4(s)

which is equal to

where f is defined in equation (8.4), f(s) = c(l — e rfs), s > 0. Now R(0) is the p in

Proposition 1. So by Proposiption 1,

dr

l(0,R(0))

= 1-/(7?(0))>O.
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Since this is true for any 0 e (0, f), by the Implicit Function Theorem, [CJ89] R is a
continously differentiable function of 0 on (0, |).
We now define the endpoints of R(0) in such a way that if it is continous on

[0, ^]. jR(0) is defined on (0, j). Let J?(0) = lima;_).o+ R(0\ Then J?(0) = 0 because by

=

R(0) = C0S^ (1 — e_4(0)K(0)) a^.

q gjves

B(0) = 1 (1 - e“E(0)) ,
which simplies to
e-«H(0) = J _ aR(Q^
which can be expanded by the Taylor Series to give

e-aR(o) _ |

1 H2(0)x2 +....... = 1 — R(fi)x if and only if x = 0 or R(0) = 0,
£

but a is positive, so R(0) must be zero.

LetR(^) = .R(O) = lim R(0).ThenR(^) = 0 because

2

= H(0) = lim fi(0)A(0) = +oo,
x—

So lim C°— fl —
x->%-

a

\

= 0.
J

Next we apply Rolle’s Theorem [Lei72] where R{&} is a function that is continous
on the closed interval [0, J], is differentiable on the open interval (0, f), and R(0) =

R(%) = 0. Then there is a number 0 in the open interval (0, f) such that R'(0) = 0. This
value of 0 gives the maximum range.

Now we know Lemma 1 (iii) holds for 0. Let r e (0, R(0))- We now apply the

Intermediate Value Theorem [Lei72] which states that if the function R(0) is continous

on the closed interval [0,0] and R(0) =/ R(0), then for any number r between R(0) and
R(0) there exists a number 0, between 0 and 0 such that R(0i) = r. Similarly, if the

function R(0) is continous on the closed interval [0,5], then for any number r between
R(0) and R(f) there exists a number 02 between 0 and J such that R(02) — r. Therefore
we can conclude there there are at least two solutions for 7?(0) = r.

We are now ready to address the second part of the proof by contradiction.

We have shown that there are at least two elevations 0 that would result in a given
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submaximal range. If there were more than two elevations, then by the Mean Value
Theorem [Lei72] there would exist two values 0i / 02 with
7?/(01) = D/(02).
The equation of statement (iii) of Lemma 1 would then have two distinct values in (0,|)

and hence for some 0 G (0,

we would have

or equivalently,
. A* (0)bB(Q}a —A(&)bB'(Q)a
~6 Bm‘’(-I)-------------- s“»BW + cos9B W) .

b

/

.

(BOT)a)2
This implies
e"^£(A'(0)B(0) - A(0)B'(0)) = a sec 0(B (tan 03(0) - B'(0)).

Then by statement (i), substituting A'(0) = B(0) sec0 for A'(0) and substituting B\9) —
we get

A(0)sec0 for

e B(e)a (B(0)2sec0 — >1(0)2 sec 0) — a sec 0(tan QB(0) — B’ (0)).
Dividing through by sec0 and using statement (ii) that A(0)2 — B(0)2 = a.2 — b2 we get

e BS“ (ft2 — a2) = a(tan0B(0) _ 2/(0)).

Substituting 3(0) = bsecO 4- atan0 for 3(0), A(0) = asec0 4- 6tan0 for A(0) and

3'(0) = .4(0) sec 0 for B'(9) we get
A(9)b

e

_

_

_

_

_

_

(b2 — a2) = a(tan 0(bsec 0 + a tan 0) — (a sec 0 4- b tan 0) sec 0)).

Multiplying and combining terms on the left hand side we get
_

A(e)b

e

Now substituting sing| for tan2 0 and —for
° cos2

0

_

(b2 — a2) = a2 (tan2 0 — sec2 0).

cos2

0
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which is impossible. This is because e

— (~)2) = 1 is equivalent to stating 1 -

A(S)b

(~)2 = eBWa

and the left hand side of this equation will be less than one, while the right

hand side of this equation (e raised to a positive power) will be greater than one. Thus

the left hand side and the right hand side of the equation will never be equal, and hence
A(9)b

e s(e)a(i _ (^)2) / 1- Since we have arrived at a contradiction, we conclude that there

are at most two values of

0

that will yield the maximum range.

□

Thus Tartaglia’s observation of a second solution to the inverse problem that

each submaximal range had precisely two solutions is verified.
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Chapter 9

Conclusions
This thesis traces the development of the theory of projectile motion from Greek
antiquity to the about the mid 1700’s. In so doing, critical insight was gained into the de
velopment and evolution of the mathematics of the theory of projectile motion from seven

prominent mathematicians: Aristotle, Philoponus, Buridan, Tartaglia, Galileo, Hobins,
and Euler. Second, this thesis summarizes some of the knowledge base of the develop
ment of the theory of motion. More specifically, the French were the first to make major
contributions to the theory of projectile motion after the mid 1700’s by writing the first

detailed manuals on artillery. However, very little was written on the contributions to
the theory of projectile motion during the period before the mid 1700’s. This thesis

traces the development of the theory of projectile motion by seven prominent mathe

maticians, from Aristotle to Euler, before the French found concrete value in historical
theories and became experts in projectile motion. [Ste94, pp. 369-372] Accordingly, the

conclusions reached by these seven prominent mathematicians contributed significantly
to development of the theory of projectile motion.

The great Greek mathematician and philosopher Aristotle introduced the theory
of projectile motion as his explanation of certain motion in the universe. Aristotle’s theory
of motion was based upon “natural” and “violent” motion and the “Law of Motion.”
“Natural” motion was like dropping a rock - it would fall towards the center of the
earth. “Violent” motion is demostrated by throwing a rock. The act of projecting the

rock agitates the air about the projected body and this agitated air provides an external

force that maintains the motion of the body resulting in a straight line trajectory with
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decreasing velocity. [Tre03, McM07] Aristotle’s “Law of Motion” was based upon the
assumption that the speed at which an object falls is proportional to its weight. However,

as later mathematicians would discover, there were serious flaws in Aritotle’s theory of
projectile motion. The most serious of these flaws were that Aristotle did not recognize
the effect that air resistance had on a projectile in motion, and the falsity of Aristotle’s
assumption that the speed at which an object falls is proportional to its weight. These
flaws and others would not be overcome until later investigations by other mathematicians

such as Philoponus, Buridan, Targalia, Galileo, Robins, and Euler.
One of the earliest mathematicians to challenge Aristotle’s theory of projectile
motion was Johannes Philoponus. He challenged Aristotle’s theory of projectile motion
with his own “non-Aristotelian” theory, construction of his own law of falling bodies, and
proposing a reinterpretation of natural motion. [Wol87] Philoponus’s “non-Aristotlian”

theory was that there is some kinetic force imparted or “impressed” upon a projectile

in motion by a mover. This was a ground-breaking concept and was the predecessor
to “impetus” which would be introduced by Jean Buridan in the fourteenth century. A

second major contribution of Philoponus was his construction of his own law of falling
bodies.

Philoponus postulated that the speed an object fell was proportional to the

density of the medium, which was contrary to Aristotle’s assumption that the speed an

object fell was proportional to its weight. Philoponus’s last major contribution to the

theory of projectile motion was his reinterpretation of Aristotle’s natural motion. This
was that, since Philoponus was a very religious man, there was no place in natural motion

as Aristotle had believed, and asserted that objects were pre-ordained to seek their own
natural place by God. [Sor87]
During the 14th century, Buridan made several contributions to the theory of

projectile motion. Using medieval observations and inferences, he reviewed the previous
work done by Aristotle and Philoponus and helped to reconcile some of the differences

between them. Buridan developed an impetus theory of projectile motion by expounding

on Philoponus’s previous work. Additionally, Buridan used the concept of impetus and
his review of Aristotle’s concept of acceleration for free-falling bodies, and devised his own

explanation of acceleration for free-falling bodies. These contributions would eventually

lead to the development of some ideas of dynamics, kinematics, and celestial machanics,

and would form the basis for further contributions to the theory of projectile motion.
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Tartaglia revolutionized ballistic theory and succeeded in transforming the mil
itary art of gunnery into a mathematical science. His two major works, New Science and

Questions in Inventions contributed significantly to the development of the theory of pro

jectile motion. In New Science he made several conclusions about the science of gunnery
which were: a major breakthrough concept that Aristotle’s shape of a projectile’s path

was not a straight line; the angle at which a gun will shoot the furthest (in a vacuum) was

45 degrees; the extreme range of a cannonball was ten times the point-blank range; and a

gun could shoot a certain distance at two different angles. The last conclusion was very

important from a theoretical standpoint. Galileo would later discuss this surprising fact
(already noticed by Tartaglia), namely the inverse problem of determining angles leading

to a given submaximal range. [Gro96] This was discussed in detail in chapter eight. In
Questions in Inventions Tartaglia bettered organized and cleaned up some of the loose
ends in and addressed some of the criticisms on his original New Science. His major

conclusions in Questions in Inventions were: a more detailed description of the gunner’s
quadrant; a description of the increase and decrease of range as a gun is elevated; the

differences in range were least when the range itself were the greatest; and a reaffirmation

that no part of the trajectory of a projectile was a straight line.
Chapter six of this thesis described the general framework of Galileo’s first se
rious and systematic study of motion in De Motu. and how Galileo recognized early on

that there were deficiencies with it. Then it describes how Galileo came to realize that
De Motu was incompatible with further insights into the theory of motion and how.these

incompatibilities were corrected and improved upon by him through further experimen
tation and anaylsis. Accordingly, through a theoretical process and work on projectile

theory by Galileo, the major elements of Galileo’s theory of projectile motion matured.
Galileo showed that the Aristotelian assumption that the rate at which a body falls is

proportional to its weight was not true. [Cha07] He then showed that acceleration of a

body along an inclined plane was not accidental or a transitory phenomenon, but rather a

constant predictable quantity. [Dam92] Then, Galileo showed in his studies of velocity of
a projectile in motion several relationships between velocity, average velocity, and instan
taneous velocity. [Nay80] Finally, he demonstrated the general form of the trajectory of a

projectile (in a non-resistant medium) was a parabola through intensive experimentation
and analysis. [Dam92, Nay80, Hil88]
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Robins and Euler were instrumental in influencing a shift from thinking about
ballisitics problems emperically to thinking about them analytically.

[MR08] Robins’

major contributions were his studies of the complex function of air resistance encoun

tered by projectiles in flight using interior and exterior ballistic research. Additionally,
he developed the ballistic pendulum and whirling arm for measuring the magnitude of air

resistance of projectiles in motion. [Ste94] Robins published the results of these studies in
New Principles of Gunnery in 1742. [Anal2] Robins’ major conclusion was that muzzle
velocity and air resistance were crucial to predicting projectile motion. One of Euler’s

major contributions to the theory of projectile motion was his extensive mathematical
commentaries of Robins’ work, with the goal of simplifying Robins’ ballistic motion the
ory, and making its application more practical to gunners. These contributions were: the
use of approximate methods wherever possible to simplify Robins’ ballistic analysis; Euler

found a partial solution relating the angle of elevation to the range when air resistance
was small; the angle for maximum range was not 45 degrees, as Galileo had thought,

but depended on the magnitude of air resistance; publishing of the first complete set
of ballistics tables in 1753 that greatly simplified gunner calculations in the eighteenth

century; and remarks on the derivation of differential equations for a shot in a horizontal
line, a vertical shot, and an oblique angle to the horizon. [Ste94]

Chapter eight of this thesis examined and described the solution to Tartaglia’s
inverse problem for projectiles in media that resist motion in proportion to the projectile’s

velocity. This was done by using by using methods of simple linear differential equations,
and elementary anlysis methods of a fixed point equation to show that each each sub-

maximal range has exactly two elevations. There were two models examined: the linear
model and the inverse problem. The first model was the linear model which served as

a stepping stone and good approximation to resistive behavior in which resistance was
taken to be proportional to velocity. From this examination, equations were derived for

the horizontal and vertical components of the velocity of a projectile in motion. Addi
tionally, the inverse problem was dealt with in steps using elementary analysis methods

of a fixed point, the Implicit Function Theorem, and other lemmas and propositions in
order to get to the proof of the inverse problem itself. The result of this examination was

an equation for range in terms of the angle of elevation and an air-resistance constant fc.

Further, from this equation a couple of other key observations were made. First, the max

63

imal angle of elevation decreases from J degrees as resistance increases. [PY04] Second,

the symmetry about the maximal angle of elevation that was present in the no-resistance
case disappears dramatically. [PY04] Lastly, this chapter concludes with the actual proof

of the proposition that shows by contradiction that each submaximal range has exactly

two elevations.
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